Robustness of the geometric phase (GP) with respect to different noise effects is a basic condition for an effective quantum computation. Here, we propose a useful quantum system with real physical parameters by studying the GP of a pair of Stokes and anti-Stokes photons, involving Raman emission processes with and without photonic band gap (PBG) effect. We show that the properties of GP are very sensitive to the change of the Rabi frequency and time, exhibiting collapse phenomenon as the time becomes significantly large. The system allows us to obtain a state which remains with zero GP for longer times. This result plays a significant role to enhance the stabilization and control of the system dynamics. Finally, we investigate the nonlocal correlation (entanglement) between the pair photons by taking into account the effect of different parameters. An interesting correlation between the GP and entanglement is observed showing that the PBG stabilizes the fluctuations in the system and makes the entanglement more robust against the change of time and frequency. V C 2015 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Geometric phase (GP) is an example of intrinsic feature in quantum mechanics which has been investigated by almost two generations of physicists. A considerable understanding of the formal description of quantum mechanics has been achieved after Berry's discovery [1] [2] [3] [4] [5] of a geometric feature related to the dynamics of a quantum system in the adiabatic and cyclic unitary evolution of non-degenerate states. There are plenty of generalizations including nonadiabatic, noncyclic, and even nonunitary evolution of quantum states. Berry showed that the wave function of a quantum object retains the memory of its evolution in its complex phase argument, which, apart from the usual dynamical contribution, only depends on the "geometry" of the path traversed by the system, known as the GP factor. This contribution originates from the very heart of quantum mechanics. The GP can be expressed as a path integral and via the Stokes theorem, can be converted into a surface integral. Therefore, it behaves like a geometric area. A quantity like an area is less dependent on the details of time evolution and therefore is less affected by changes of environmental conditions or an imperfect control, and hence, is typically more robust. Although the concept of geometric phase was introduced 30 years ago 6 and related works earlier, 7 it has become important in quantum information and processing due to recent experimental progress, particularly in two level systems, [8] [9] [10] [11] [12] which have been able to demonstrate the reality of the geometric phase. This is the key attribute that makes GP attractive for the implementing fault-tolerant quantum computation. The idea is to exploit this inherent robustness provided by the topological properties of some quantum systems as a mean of constructing built-in fault tolerant quantum logic gates.
Recently, various devices have been proposed and realized experimentally to generate quantum entanglement, such as beam splitter, 13, 14 optical setups, 15, 16 cavity QED, [17] [18] [19] and NMR systems. 20 Entangled photon pairs are an integral asset to quantum communication technology with continuous variables. [21] [22] [23] [24] [25] The generation of correlated photon source is a subject of current interest. In this paper, we propose a useful way to control the GP and entanglement of photons by exploiting the intriguing nature of the atom-photon interactions. We consider a single atom with three-level double K system (see Fig. 1 ) illuminated by the pump and drive lasers. This scheme is interesting for being able to generate controllable nonclassically correlated Stokes and anti-Stokes photons (called Raman photon pairs) from an atom 26 as well as extended medium with spatial propagation effects. 27 Here, we are going to control the GP and quantum entanglement of pairs of Stokes and anti-Stokes photons by a proper choice of the Raman decay and laser parameters in the presence of the photonic band gap (PBG) effect. Previous works on single atom driven by continuous wave lasers were based on Schr€ odinger's equation 26, 28 and master equation. 29 The former approach yields solutions only for c.w. lasers. The latter uses atomic correlation to obtain field correlations indirectly via quantum regression theorem. 30 A general and more transparent method for computing correlations is based on Heisenberg-Langevin formulation. Harris and co-workers have experimentally demonstrated the generation of counter propagating paired photons with coherence times of about 50 ns and controllable waveforms. 31 It has been shown that such correlated photon pairs could be used to enhance the resolution in quantum microscopy 26 and lithography. PBG materials, in which no traveling electromagnetic modes are allowed in the PBG of their band structures, enrich the content of quantum optics and quantum information processing. Here, we show that one of the purposes is to test whether the PBG can help protect the entanglement in our model. It was proposed that the single photon occupation of a localized field mode within an engineered network of defects in a PBG material is proposed as a unit of quantum information. 33 Qubit operations are mediated by optically excited atoms interacting with these localized states of light as the atoms traverse the connected void network of the PBG structure. Periodic structures constructing these PBG materials posse the controllable features by the lattice parameters. The development of these PBG materials has attracted the interest over the past twenty years starting from Yablonovitch's seminar paper, 36 where the periodic structures with dielectric variation of photonic crystals were proposed to be a means to inhibit spontaneous emission. It is well known that photonic crystals are controllable materials and have been extensively used as a method for implementing quantum information processing ideas. For example, Bellomo et al. 37 proposed a scheme for realizing high values of entanglement trapping based on the controllable PBG environment. In Ref. 38 , by means of photonic crystal nanocavities, the authors implemented the entangled photon pair generation by two-photon spontaneous emission. Besides, PBG materials have been exploited for studying general aspects of on chip quantum state transfer, 39 on-chip single-photon sources, 40 and quantum channels for efficiently transferring information between spatially separated nodes of a quantum network. 41 Furthermore, it is explored conditions under which this system can have independent qubits with controllable interactions and very low decoherence, as required for quantum computation. 33 The paper is organized as follows. In Sec. II, we discuss the physics and give the detailed calculations for the Raman two-photon quantum state by incorporating PBG in the coupling. Section III presents the numerical results of the GP and quantum entanglement for the two-photon state. Finally, in Sec. IV, we discuss the results obtained.
II. EFFECTIVE HAMILTONIAN AND PHYSICS OF TWO-PHOTON LASERS
In this section, we consider a single three-level atom with double Raman scheme that are generally detuned to the Stokes ðâ k Þ and anti-Stokes ðâ q Þ modes, as in Fig. 1 . The usual Hamiltonian for the atom interacting with radiation fields of two lasers is given by 26, 34, 35 
where We make the unitary transformation using the operator SðtÞ ¼T= h Ð iĤ p ðsÞds to eliminate the pump HamiltonianĤ p ðtÞ ¼ hX p jaihcje ÀiDt þ adj; giving the effective Hamiltonian in the limit of large pump detuning jDj > X p .
The Hamiltonian which describes the essential physics of the Raman photon pairs becomes
where G k ¼ g p g k =D is the usual spontaneous Raman coupling frequency (which includes the classical pump field strength X p ¼ g p a p ), X is the Rabi frequency associated with the classical field drives the b $ a transition, and g k , g q are the coupling frequencies for photon emissions between levels jai and jbi; jci. The atom-photon state vector is
with corresponding two-photon state defined as
where the atom starts from the level c and the k, q fields in the vacuum at the initial time. In the presence of PBG effect, the linear entropy behavior remains unchanged under frequency, and its dynamics is independent on the PBG, which make the entanglement more robust against the change of time and frequency.
In order to determine the evolution of the coefficients C kq in the presence of PBG effect, we write the equations of motion, for the probability amplitudes as
Àiðv q Àx ac Þt C kq ðtÞ;
The coupling constant g k (g q ) depends on frequency and contains the information about the dispersion. The relation between the coupling constants and PBG is given by
where
E i is the quantized electric field and l i is the transition dipole moment. In the absence of PBG effect, the function f ðx i Þ tends to the unity. The Y i factor accounts for local field effects which can be obtained from the field reaction theory in quantum optics and is given by
where the frequency dependent dielectric constant and may be modeled by
where e b is the background dielectric constant. For the frequency range x T < i < x L , the wave vector normal to the interface is purely imaginary and this shows up as a gap region where electromagnetic waves cannot propagate. It is convenient to write f ðx i Þ as
where l i is the dipole matrix elements and
After tedious calculations, the equations of motion take the simplified form
where we have used C 0 ¼ e ÀCt obtained from the usual Weisskopf-Wigner approximation 43 and C presents the spontaneous Raman decay rate. We derive the equation for A k ðtÞ to obtain the driven "oscillator" equation
The above equation can be solved to give the following solution:
which leads to
Solving Eq. (13) 
where k ¼ k =c and q ¼ q =c with p(q) is the Gaussian probability distribution.
III. GEOMETRIC PHASE AND QUANTUM ENTANGLEMENT
For the quantum system evolving from an initial wave function to a final wave function, if the final wave function cannot be obtained from the initial wave function by a multiplication with a complex number, the initial and final states are distinct and the evolution is noncyclic. Suppose state jwð0Þi evolves to a state jwðtÞi after a certain time t. If the scalar product
which can be written as zðtÞ ¼ C expðicÞ, where C is a real number, then the noncyclic phase due to the evolution from jwð0Þi to jwðtÞi is the angle c. This noncyclic phase generalizes the cyclic GP since the latter can be regarded as a special case of the former in which C ¼ 1. Determination of the phase between the two states for such an evolution is nontrivial. Pancharatnam prescribed the phase acquired during an arbitrary evolution of a wavefunction from the vector jwð0Þi to exp ½Ài Ð t 0 H I ðsÞðsÞdsjwð0Þi as arg½zðtÞ. The open system undergoing a cyclic adiabatic evolution gains a geometric phase in addition to the dynamical one, which is generalized as the integral of instantaneous eigenenergy with respect to time in a time-dependent system. In Berrys original paper, 6 the phase is said to be geometric because it results from the geometric properties of the parameter space of the Hamiltonian. For the dynamic phase, which is defined by 44 U D ðtÞ ¼ Ài
Hence, the Berry phase (BP), as the phase U B ðtÞ ¼ U G ðtÞ ÀU D ðtÞ.
The polarization properties of a monochromatic light beam can be represented by a point on the Poincar e sphere. 45 When, with the help of optical elements such as polarizers and retarders, the state of polarization is made to trace out a closed contour on the sphere, the beam acquires a geometric phase. This Pancharatnam-Berry phase, as it is nowadays called, is equal to half the solid angle of the contour subtended at the origin of the sphere. [46] [47] [48] On the other hand, it is shown that such a geometric relation also exists for the socalled Pancharatnam connection, the criterion according to which two beams with different polarization can be extended to arbitrary (e.g., non-closed) paths on the Poincar sphere and allows us to study how the phase builds up for such noncyclic polarization changes. [49] [50] [51] To measure the amount of entanglement, we use the linear entropy. 52 For a bipartite system q AB , it is defined as
where q A ¼ Tr B ðq AB Þ is the reduced density operator of system A. Here, we are interested in the degree of purity of the subsystem A whose state q A is obtained from the two-photon 
2. An atom with three-level double Raman pairs, when illuminated by a pump and drive laser, emits a pair of Stokes and anti-Stokes photon in the presence of PBG effect. The atom is initially taken in the ground state (level c). The pump field X p , which is detuned from a $ c transition D, produces the Stokes photon and the control field X, that is on resonance with a $ b transition, drives the atom to level a producing the anti-Stokes photon.
pure state defined in Eq. (5), q ¼ jWihWj, by tracing over the subsystem B.
Let us now describe the main results on the behavior of the GP, BP, and entanglement for the Raman photon pairs in terms of different parameters. We first mention that when the Rabi frequency X is zero, i.e., the population cannot be pumped to excite state, the GP and entanglement value of the pair-photon system remains unchanged during the time evolution. This means that the attenuation of the GP variation leads to entanglement stabilization for the system. In Figs. 2, 3 , and 4, we display the variation of the GP, BP, and entanglement of the pair-photon in terms of the dimensionless time and Rabi frequency considering the effect of PBG and spontaneous Raman decay rate, which are depending on the Stokes and anti-Stokes photons, involving a Raman emission process. Generally, the GP and entanglement have a different order as functions of the dimensionless quantities ct and X=C exhibiting oscillations with amplitude values depend on the effect of PBG. In Figs. 2(a) and 2(c), we plot U G ðtÞ in terms of X=C in the absence and presence of PBG, respectively. For different values of the parameters, the graph keeps the same shape but with different numerical values of course. From the figures, we can see that the GP is unaffected by the Rabi frequency in the presence of PBG, exhibiting a periodic behavior. On the other hand, the amplitude of GP decreases with increasing frequency in the presence of PBG. That is to say, the increasing PBG effect will damage the amplitude of the GP. In Figs. 2(b) and 2(d) , we display the dynamics of the GP in terms of ct. The variation of GP in terms ct also shows that the time has a destructive effect on the phase variation and the GP goes to zero, exhibiting collapse phenomenon in the asymptotic limit ct ! 1. Fig. 3 shows that the BP can change from positive to negative values which tells us that the photon polarization is completely much faster than the decoherence time. In the absence of PBG, we find that the BP exhibits oscillatory behavior, its amplitude tends to stabilize for large values of frequency. In the presence of PBG, the BP behavior remains unchanged frequency effect, exhibiting a periodic behavior. On the other hand, the dynamical behavior of the BP in terms of the dimensionless time is found to be as the case of the GP.
The plots were taken over a large time to be able to see the collapse phenomena due to the slow Raman decay rate C. Robustness of obtaining the geometric relaxation time depends on the quantum system and experimental setup that can minimize the effects of environmental as well as quantum noise. Recent work shows how to estimate geometric relaxation time in semiconductor quantum dots. 4 From these results, the frequency and time effects may restrain the amplitude of the GP in the presence of PBG, which plays a significant role to enhance the stabilization and control of the system dynamics. Furthermore, we can consider here that the GP as a tool for testing and characterizing the decay rate of the pair-photon state. In this context, the Raman photon pairs from a pump laser and a control laser in the presence of PBG show to be less dependent on the details of time evolution, and therefore are less affected by changes of different noises, and hence, is typically more robust. This system is very useful and key contribution for the implementation of faulttolerant quantum computation. We now investigate the variation of the entanglement in terms of the frequency and time. We display in Fig. 4 the linear entropy versus X=C and ct for the state of two Raman photons defined in Eq. (5). In the absence of PBG, it can be seen that the linear entropy exhibits oscillatory behavior, its amplitude decreases with increasing frequency. In this sense, the Rabi frequency has a destructive effect on the variation of the entanglement and it tends to stabilize in constant behavior as the time becomes significantly large. On the other hand, the variation of the entanglement in terms of the dimensionless time shows that the time evolution is able to generate the entanglement between the pair of Raman photons and also this quantity tends to stabilizes in constant behavior in the asymptotic limit, ct ! 1. In the presence of PBG effect, the linear entropy behavior remains unchanged under frequency, exhibiting a periodic behavior of the entanglement. In this way, the presence of PBG may make the entanglement more against the change of frequencies. The dynamics of entanglement in this limit is found to be similar, presenting a constant behavior in the asymptotic limit. These results are all shown in Figs. 3(a)-3(d) .
Then, by investigating the geometric phase and linear entropy for the pair-photon interaction under the Rabi frequency and time effects with and without PBG, we find an interesting correlation between the both quantities. From the above results, we may make a control on the phase and entanglement variation of the system by a proper choice of the initial conditions and the GP may be considered a tool for controlling, testing, and characterizing the entanglement between the Raman photon pairs. Moreover, the result also shows that the GP and the entanglement have qualitatively similar behaviors in terms of different parameters.
IV. SUMMARY
In summary, we have investigated in detail the geometric and quantum entanglement of a pair of Stokes and antiStokes photons, involving a Raman emission process with and without PBG effect. It is shown that with the change of the Rabi frequency and time, the GP is very sensitive to the state properties exhibiting collapse phenomenon as the time becomes significantly large. This plays a significant role to enhance the stabilization and control of the system dynamics. Furthermore, the PBG effect may restrain the GP amplitude in terms of frequency and time, where the dynamical behavior of the BP is found to be as the case of the GP during the time evolution. On the other hand, the amount of entanglement is found to be sensitive to the PBG effect exhibiting periodic behavior in terms of frequency and remains unaffected under the time evolution. Finally, we have explored the correlation between the GP and entanglement and show that the GP may be considered a tool for controlling, testing, and characterizing the entanglement between the Raman photon pairs. Further work would be to explore the variation of the GP and entanglement subject to some specific noise mechanism and quantitatively evaluate the necessary GP and entanglement required in implementing different quantum optics and information tasks. We will also consider the situation at finite temperature. In comparison with some recent work on the variation of the GP and entanglement of the system in a microscopic way, our present work from the phenomenological viewpoint might be more practical to explain some experimental observations of the both quantities subject to realistic physical parameters. An important future investigation will be the study of the GP and nonlocal correlation for the pair-photon system from atom with four-level Raman scheme driven by pump and control laser.
Substituting Eq. (A10) into Eq. (A14), we get
At t ¼ 0 we have A k ð0Þ ¼ 0 and then from Eq. (A10), we find that 
Using Eqs. (A16) and (A17), we obtain the constants C 1 , C 2 , and C 3 as a function of x as follows:
Substituting the constants C 1 , C 2 , and C 3 into Eq. (A15), finally we find the expression of C kq ðtÞ 
The coefficient C kq ðtÞ may be written as
where the coefficients y ' and z ' are given by
then we have
y ' e z ' t ;
